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Sep–12 0930–1010

Bounded variation and around
Jurgen Appell
Department of Mathematics, University of Wurzburg,
Emil-Fischer Str. 30, D-97074 Wurzburg, Germany
Email jurgen ⃝
a dmuw.de
Since Camille Jordan introduced functions of bounded variation in 1881,
they have been generalized and applied to many diﬀerent ﬁelds of Real
Analysis, Fourier Analysis, Functional Analysis, Geometric Measure Theory,
Nonlinear Analysis, and even Mathematical Physics. The aim of the talk is
to recall some of those generalizations and to discuss their relation to other
function spaces, with a particular emphasis on examples and counterexamples. We also sketch some open problems to provide a glimpse at various
directions in which current research is moving. The presentation will be elementary and does not require a profound background in functional analysis
or function spaces.

[1] J. Appell, J. Banaś, N. Merentes, Bounded Variation and Around, deGruyter, Berlin (to appear 2013).
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Sep–12 1010–1050

Entropy and extrapolation of compact operators
Fernando Cobos
Departamento de Análisis Matemático,
Facultad de Ciencias, Universidad Complutense de Madrid,
Plaza de Ciencias 3, 28040 Madrid. Spain.
Email cobos ⃝
a mat.ucm.es
Let Ω be a bounded domain in Rd with smooth boundary and with
ﬁnite Lebesgue measure. Consider the fractional Sobolev space Hps (Ω) on
Ω with 0 < s < d and 1 < p < d/s. Let p∗ be the critical exponent
1/p∗ = 1/p − s/d. It is known that the natural embedding Hps (Ω) ,→ Lq (Ω)
is compact for p < q < p∗ and that Hps (Ω) ,→ Lp∗ (Ω) is bounded but not
compact (see [3]). Several authors have study the problem of ﬁnding spaces
Y close to Lp∗ (Ω) such that the embedding Hps (Ω) ,→ Y is still compact. We
will consider this problem for abstract scales of Banach spaces. Moreover, we
will derive quantitative versions of the results in terms of entropy numbers.
Applications to limiting Sobolev embeddings are also given.
Results are part of joint papers with Thomas Kühn [1, 2].

[1] F. Cobos and T. Kühn, Extrapolation results of Lions-Peetre type,
preprint (2012).
[2] F. Cobos and T. Kühn, Extrapolation estimates for entropy numbers,
preprint (2012).
[3] D.E. Edmunds and H. Triebel, ”Function Spaces, Entropy Numbers and
Diﬀerential Operators”, Cambridge Univ. Press, Cambridge 1996.
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Sep–12 1110–1150

Existence theorems, duality theorems and convergence
theorems for nonlinear operators in Banach spaces
Wataru Takahashi
Department of Mathematical and Computing Sciences,
Tokyo Institute of Technology, Meguro-ku, Tokyo 152-8552, Japan
Email wataru ⃝
a is.titech.ac.jp
Let H be a real Hilbert space. Let C be a nonempty subset of H and let
T be a mapping of C into H. We denote by F (T ) the set of ﬁxed points of
T and by A(T ) the set of attractive points [17] of T , i.e.,
(i) F (T ) = {z ∈ C : T z = z};
(ii) A(T ) = {z ∈ H : ∥T x − z∥ ≤ ∥x − z∥, ∀x ∈ C}.
A mapping T : C → H is said to be nonexpansive if ∥T x − T y∥ ≤ ∥x − y∥
for all x, y ∈ C. A mapping T : C → H is called nonspreading [7, 8] if
2∥T x−T y∥2 ≤ ∥T x−y∥2 +∥T y−x∥2 for all x, y ∈ C. A mapping T : C → H
is called hybrid [16] if 3∥T x − T y∥2 ≤ ∥x − y∥2 + ∥T x − y∥2 + ∥T y − x∥2
for all x, y ∈ C. The class of nonspreading mappings was ﬁrst deﬁned in
a strictly convex, smooth and reﬂexive Banach space. The resolvents of a
maximal monotone operator are nonspreading mappings; see [8] for more
details. These three classes of nonlinear mappings are important in the
study of the geometry of inﬁnite dimensional spaces. Indeed, by using the
fact that the resolvents of a maximal monotone operator are nonspreading
mappings, Takahashi, Yao and Kohsaka [20] solved an open problem which
is related to Ray’s theorem [13] in the geometry of Banach spaces; see also
[4, 12]. Kocourek, Takahashi and Yao [5] deﬁned a broad class of nonlinear
mappings which contains nonexpansive mappings, nonspreading mappings
and hybrid mappings in a Hilbert space. A mapping T : C → H is called
generalized hybrid [5] if there exist α, β ∈ R such that
α∥T x − T y∥2 + (1 − α)∥x − T y∥2 ≤ β∥T x − y∥2 + (1 − β)∥x − y∥2
for all x, y ∈ C, where R is the set of real numbers. A mapping T is called
an (α, β)-generalized hybrid mapping; see also [2]. Kocourek, Takahashi and
Yao [5] proved ﬁxed point theorems for such mappings in a Hilbert space.
See also [6, 18]. They also proved the following mean convergence theorem
which generalizes Baillon’s nonlinear ergodic theorem [3] in a Hilbert space.
See also [9, 10, 14, 15].
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Theorem 1 ([5]) Let H be a real Hilbert space, let C be a nonempty, closed
and convex subset of H, let T be a generalized hybrid mapping from C into
itself with F (T ) ̸= ∅ and let P ∑
be the metric projection of H onto F (T ).
1
k
Then for any x ∈ C, Sn x = n n−1
k=0 T x converges weakly to p ∈ F (T ),
n
where p = limn→∞ P T x.
Takahashi and Takeuchi [17] introduced the concept of attractive points of
mappings in a Hilbert space and they proved attractive point and mean convergence theorems without convexity for generalized hybrid mappings; see
also [1].
In this talk, we introduce the concept of attractive points and adjoint
operators of nonlinear mappings in Banach spaes. We prove attractive point
theorems, duality theorems and mean convergence theorems for generalized
nonspreading mappings in Banach spaces.

[1] S. Akashi and W. Takahashi, Strong convergence theorem for nonexpansive mappings on star-shaped sets in Hilbert spaces, Appl. Math.
Comput., to appear.
[2] K. Aoyama, S. Iemoto, F. Kohsaka and W. Takahashi, Fixed point and
ergodic theorems for λ-hybrid mappings in Hilbert spaces, J. Nonlinear
Convex Anal. 11 (2010), 335-343.
[3] J.-B. Baillon, Un theoreme de type ergodique pour les contractions non
lineaires dans un espace de Hilbert, C. R. Acad. Sci. Paris Ser. A-B 280
(1975), 1511–1514.
[4] S. Kamimura and W. Takahashi, Strong convergence of a proximal-type
algorithm in a Banach space, SIAM J. Optim. 13 (2002), 938–945.
[5] P. Kocourek, W. Takahashi and J.-C. Yao, Fixed point theorems and
weak convergence theorems for generalized hybrid mappings in Hilbert
spaces, Taiwanese J. Math. 14 (2010), 2497–2511.
[6] P. Kocourek, W. Takahashi and J.-C. Yao, Fixed point theorems and
ergodic theorems for nonlinear mappings in Banach spaces, Adv. Math.
Econ. 15 (2011), 67–88.
[7] F. Kohsaka and W. Takahashi, Existence and approximation of ﬁxed
points of ﬁrmly nonexpansive-type mappings in Banach spaces, SIAM
J. Optim. 19 (2008), 824–835.
[8] F. Kohsaka and W. Takahashi, Fixed point theorems for a class of
nonlinear mappings related to maximal monotone operators in Banach
spaces, Arch. Math. (Basel) 91 (2008), 166-177.
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[9] A. T. Lau and W. Takahashi, Invariant submeans and semigroups of
nonexpansive mappings on Banach spaces with normal structure, J.
Funct. Anal. 142 (1996), 79-88.
[10] A. T. Lau, N. Shioji and W. Takahashi, Existence of nonexpansive retractions for amenable semigroups of nonexpansive mappings and nonlinear ergodic theorems in Banach spaces, J. Funct. Anal. 161 (1999),
62-75.
[11] L.-J. Lin and W. Takahashi, Attractive point theorems for nonspreading
mappings in Banach space, J. Convex Anal., to appear.
[12] N. Nadezhkina and W. Takahashi, Strong convergence theorem by a hybrid method for nonexpansive mappings and Lipschitz-continuous monotone mappings, SIAM J. Optim. 16, (2006), 1230–1241.
[13] W. O. Ray, The ﬁxed point property and unbounded sets in Hilbert space,
Trans. Amer. Math. Soc. 258, (1980), 531–537.
[14] W. Takahashi, A nonlinear ergodic theorem for an amenable semigroup
of nonexpansive mappings in a Hilbert space, Proc. Amer. Math. Soc.
81, (1981), 253–256.
[15] W. Takahashi, A nonlinear ergodic theorem for a reversible semigroup
of nonexpansive mappings in a Hilbert space, Proc. Amer. Math. Soc.
96, (1986), 55-58.
[16] W. Takahashi, Fixed point theorems for new nonlinear mappings in a
Hilbert space, J. Nonlinear Convex Anal. 11, (2010), 79–88.
[17] W. Takahashi and Y. Takeuchi, Nonlinear ergodic theorem without convexity for generalized hybrid mappings in a Hilbert space, J. Nonlinear
Convex Anal. 12, (2011), 399–406.
[18] W. Takahashi, N.-C. Wong and J.-C. Yao, Fixed point theorems and
convergence theorems for generalized nonspreading mappings in Banach
spaces, J. Fixed Point Theory Appl. 11, (2012), 159–183.
[19] W. Takahashi, N.-C. Wong and J.-C. Yao, Attractive point and mean
convergence theorems for new generalized nonspreading mappings in Banach Spaces, to appear.
[20] W. Takahashi, J. C. Yao and F. Kohsaka, The ﬁxed point property and
unbounded sets in Banach spaces, Taiwanese J. Math. 14 (2010), 733–
742.
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Sep–12 1150–1230

A new sequence space Λp (f )
Yoshiaki Okazaki
Kyushu Institute of Technology,
680-4, Kawazu, Iizuka, Fukuoka 820-8502, Japan
Email okazaki ⃝
a ces.kyutech.ac.jp
This talk is a joint work with Prof. Aoi Honda (Kyushu Institute of Technology) and Emer. Prof. Hiroshi Sato (Kyushu University).
For f (̸= 0) ∈ Lp (R, dx), 1 ≤ p < +∞, a sequence space Λp (f ) and a
translation invariant metric dfp are deﬁned by
{
}
+∞ ∫ +∞
∑
∞
p
Λp (f ) :=
a = {ak } ∈ R
|f (x − ak ) − f (x)| dx < +∞ ,
(
dfp (a, b)

:=

k=1

∑∫
k

+∞

−∞

−∞

)1

p

|f (x − ak ) − f (x − bk )| dx
p

, a, b ∈ Λp (f ).

Λp (f ) is included in ℓp and realizes various sequence spaces such as the
√
Zygmund type spaces. For example, Λ2 ( xe−x 1[0,+∞) (x)) = ℓ2 (log ℓ).
In the∫ case p > 1, Λp (f ) = ℓp if and only if f is absolutely continuous and
Ip (f ) := R |f ′ (x)|p dx < +∞. For f, g ∈ Lp (R, dx), if Ip (f − g) < +∞, then
we have Λp (f ) = Λp (g). Furthermore for f ∈ Lp (R, dx), g ∈ Lr (R, dx), 1 ≤
p, r < +∞, we have Λp (f ) ⊂ Λr (g) if and only if the embedding Λp (f ) →
Λr (g) is continuous.
Λp (f ) is not necessarily a linear space, and its explicit representation
as a sequence space is not clear. In this talk, in the case p = 2, we
discuss these problems
utilizing the Fourier transform fˆ of f and a
∫ x by
2
ˆ
function φf (x) := 0 α |f (α)|2 dα. We introduce approximation spaces
Λ02 (f ) ⊂ Λ2 (f ) ⊂ Λφ
2 (f ) by
}
{
) ∑ ∫ +∞
(
∑
1
+
|fˆ(α)|2 dα < +∞ ,
Λ02 (f ) :=
a ∈ R∞
a2k φf
1
|ak |
|ak |
k
k
{
}
[
(
)]
∑
1
φ
2
∞
ak 1 + φf
Λ2 (f ) :=
a∈R
< +∞ .
|ak |
k

Λ02 (f )

is the maximum linear subspace of Λ2 (f ). We deﬁne the doubling dimension H(φ) for a non-negative function φ and prove if H(φf ) < 2 then we
have Λ02 (f ) = Λ2 (f ) = Λφ
and df2 is equiv2 (f ), so that
√ Λ2 (f ) is a linear space,
[
(
)]
∑
1
2∧1 1+φ
|a
−
b
|
alent to a quasi-metric δf (a, b) :=
.
k
k
f
k
|ak −bk |∧1
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Sep–12 1400–1430

Moduli of smoothness related to the Laplacian and
approximation by Bochner-Riesz families
Hans-Jürgen Schmeisser
Mathematical Institute, Friedrich-Schiller-University
D-07737 Jena, Germany
Email mhj ⃝
a uni-jena.de
Let Tn , n ∈ N, be the space of all real-valued trigonometric polynomials
of (spherical) order at most n and let f ∈ Lp (Td ), 0 < p < ∞. The
polynomial K-functional related to the Laplacian is deﬁned as
P∆ (f, n−1 )p = inf{∥f − g∥p + n−2 ∥∆g∥p : g ∈ Tn }.

(1)

Following [1] - [3] we discuss the equialence of (1) and associated moduli of
smoothness. We focus on the case 0 < p < 1 and introduce new moduli of
smoothness
ωm,d (f, δ)p
= sup

0≤h≤δ

(
)
m
d
σm ∑ ∑ (−1)ν
2m
f (x + νhej ) − f (x) ,
m − |ν |
d
ν2
j=1 ν = −m
ν ̸= 0

(2)

p

where σm is an appropriate constant, m is a natural number and ej stands
for the unit vector with respect to the j-th coordinate. Our main result is
Theorem 1 Let m, d ∈ N, d > 2. If

d
< p < ∞ then
d + 2m

P∆ (f, n−1 )p ≍ ωm,d (f, n−1 )p , n ∈ N f ∈ Lp (Td ).

(3)

Moreover, we show that quantities (1) and (2) are associated with approximation by Bochner-Riesz families in a natural way.
This is joint work with K. Runovski (Sevastopol).
[1] Ditzian, Z. and Runovski, K: Realization and smoothness related to the
Laplacian. Acta Math Hungar. 99 (3) (2001), 189–223.
[2] Rukasov, V., Runovski, K. and H.-J. Schmeisser: Approximation by families of linear trigonometric polynomial operators and smoothness properties of functions. Math. Nachr. 284 (11-12) (2011), 1523–1537.
[3] K. Runovski and H.-J. Schmeisser: On approximation methods generated
by Bochner-Riesz kernels. J. Fourier Anal. Appl. 14 (2008), 16–38.
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Sep–12 1430–1500

Cesàro and Riesz means of critical order on certain function
spaces
Shuichi Sato
Department of Mathematics, Faculty of Education,
Kanazawa University, Kanazawa 920-1192, Japan
Email shuichi ⃝
a kenroku.kanazawa-u.ac.jp
Let f be in L1 (Qd ), where Qd is the fundamental cube in the d-dimensional
Euclidean space Rd :
Qd = {x ∈ Rd : −1/2 < xi ≤ 1/2, i = 1, 2, . . . , d},

x = (x1 , . . . , xd ).

We consider the Fourier series of f :
∑
f (x) ∼
an e2πi⟨n,x⟩ , n = (n1 , n2 , . . . , nd ) ∈ Zd ,
∫
an =

⟨n, x⟩ = n1 x1 + · · · + nd xd ,
f (x)e−2πi⟨n,x⟩ dx,

dx = dx1 . . . dxd .

Qd

Let
TRδ (f )(x) =

)δ
∑ (
|n|2
1− 2
an e2πi⟨n,x⟩
R

|n|<R

be the Bochner-Riesz means of order δ of the series.
We deﬁne a logconvex quasi-Banach space QA(Qd ). We say f ∈ QA(Qd )
if there exists a sequence {fj } of bounded functions such that
f=

∞
∑

fj ,

N ({fj }) :=

j=1

∞
∑

(
(1 + log j)∥fj ∥1 log

j=1

e∥fj ∥∞
∥fj ∥1

)
< ∞;

let ∥f ∥QA = inf N ({fj }), where the inﬁmum is taken over all possible {fj }.
The space QA(Q1 ) was introduced by [2]. QA is a subspace of L log L.
Deﬁne T∗δ (f )(x) = supR>0 |TRδ (f )(x)|.
Theorem 1 Let α = (d − 1)/2. Then
∥T∗α (f )∥1,∞ = sup λ|{x ∈ Qd : T∗α (f )(x) > λ}| ≤ C∥f ∥QA
λ>0

with a positive constant C; consequently,
lim TRα (f )(x) = f (x)

R→∞

a.e.
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for f ∈ QA(Qd ).

Since L log L log log log L is a proper subspace of QA, Theorem 1 implies the
following.
Theorem 2 Let f ∈ L log L log log log L(Qd ). Then
lim TRα (f )(x) = f (x)

R→∞

a.e.

We have similar results for the Cesàro means of spherical harmonics
expansions. Let Σd = {x ∈ Rd+1 : |x| = 1} be the unit sphere in Rd+1 and
let
∫
Hk f (x) =
Zx(k) (y)f (y) dµ(y),
Σd
(k)

where Zx is the zonal harmonic of degree k with pole x ∈ Σd and dµ is
the Lebesgue surface measure on Σd normalized as µ(Σd ) = 1.
∑ The Cesàro
means of order δ for the spherical harmonics expansion f ∼ ∞
k=0 Hk f are
deﬁned by
Snδ f =

n
1 ∑
(δ)
An k=0

(δ)
Ak

(δ)

An−k Hk f,

n = 0, 1, 2, . . . ,

Γ(k + δ + 1)
=
=
Γ(k + 1)Γ(δ + 1)

(
)
k+δ
,
k

δ = σ + iτ,
σ > −1.

Let S∗δ (f )(x) = supn>0 |Snδ (f )(x)|. We deﬁne the space QA(Σd ) analogously to QA(Qd ). We write |E| = µ(E) for E ⊂ Σd .
Theorem 3 There exists a positive constant C such that
1/2

sup λ|{x ∈ Σ2 : S∗ (f )(x) > λ}| ≤ C∥f ∥QA
λ>0

for f ∈ QA(Σ2 ), which implies
lim Sn1/2 (f )(x) = f (x)

n→∞

a.e.

for f ∈ QA(Σ2 ).

Theorem 4 If f ∈ L log L log log log L(Σ2 ), then
lim Sn1/2 f (x) = f (x)

n→∞

a.e.

[1] N. Yu. Antonov, Convergence of Fourier series, East J. Approx. 2
(1996), 187–196.
[2] J. Arias-de-Reyna, Pointwise convergence of Fourier series, J. London
Math Soc. (2) 65 (2002), 139–153.
13

[3] R. Askey and I. I. Hirschiman, Mean summability for ultraspherical
polynomials, Math. Scand. 12 (1963), 167–177.
[4] A. Bonami and J.-L. Clerc, Sommes de Cesàro et multiplicateurs des
développments en harmonique sphérique, Trans. Amer. Math. Soc. 183
(1973), 223–263.
[5] L. Carleson, On convergence and growth of partial sums of Fourier series, Acta Math. 116 (1966), 135–157.
[6] L. Colzani, M. H. Taibleson and G. Weiss, Maximal estimates for Cesàro
and Riesz means on spheres, Indiana Univ. Math. J. 33 (1984), 873–889.
[7] C. Feﬀerman, Pointwise convergence of Fourier series, Ann. of Math.
98 (1973), 551–572.
[8] R. Hunt, On the convergence of Fourier series, Orthogonal Expansions
and their Continuous Analogues (Edwardsville, IL, 1967), Southern Illinois Univ. Press, 1968, 235–255.
[9] N. J. Kalton, Convexity type and the three space problem, Studia Math.
69 (1981), 247–287.
[10] E. Kogbetliantz, Recherches sur la sommabilité des séries ultrasphériques par la méthode des moyennes arithmétiques, J. Math. Pures
Appl. 3 (1924), 107–187.
[11] Y. Sagher, On analytic families of operators, Israel Journ. Math. 7
(1969), 350–356.
[12] P. Sjölin, An inequality of Paley and convergence a. e. of Walsh-Fourier
series, Ark. Mat. 7 (1968), 551–570.
[13] P. Sjölin and F. Soria, Remarks on a theorem by N. Yu. Antonov, Studia
Math. 158 (2003), 79–97.
[14] C. D. Sogge, Oscillatory integrals and spherical harmonics, Duke Math.
J. 53 (1986), 43–65.
[15] E. M. Stein, Localization and summability of multiple Fourier series,
Acta Math. 100 (1958), 93–147.
[16] E. M. Stein and G. Weiss, Fourier Analysis on Euclidean Spaces, Princeton Univ. Press, 1971.
[17] G. Sunouchi, On the summability almost everywhere of the multiple
Fourier series at the critical index, Kodai Math. J. 8 (1985), 1–4.
[18] G. Szegö, Orthogonal Polynomials, 4th ed., Amer Math. Soc. Coll. Publ.
No. 23, Providence, 1975.
[19] A. Zygmund, Trigonometric Series, 2nd ed., Cambridge Univ. Press,
Cambridge, London, New York and Melbourne, 1977.
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Let A be the Fourier algebra on a non-compact LCA group. We show
that there are proper Segal algebra in A which are not contained in any
proper isometrically translation invariant Segal algebras in A. This result is
used to construct a class of Segal algebras which are neither BSE nor BED.
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Let RN denote the N -dimensional Euclidean space. We denote by B(x, r)
the open ball centered at x of radius r and denote by |E| the Lebesgue measure of a measurable set E ⊂ RN . In our discussions, the boundedness of the
Hardy-Littlewood maximal operator is a crucial tool as in Hedberg [15]. It
is well known that the maximal operator is bounded on the Lebesgue space
Lp (RN ) if p > 1 (see [28]).
In 1938, Morrey [22] considered the integral growth condition on derivatives over balls, in order to study the existence and regularity for partial
diﬀerential equations. A family of functions with the integral growth condition is then called a Morrey space after his name. A systematical study
for Morrey spaces was done by Peetre [24] in 1969. Chiarenza-Frasca [4]
generalized the boundedness of the maximal operator by replacing Lebesgue
spaces bythe Morrey space Lp,ν (RN ), which is the family of f ∈ L1loc (RN )
satisfying the Morrey condition
∫
rν
|f (y)|p dy < ∞
sup
|B(x,
r)|
B(x,r)
x∈RN ,r>0
for ν > 0 (see also Nakai [23]).
In [6], Diening showed that the maximal operator was bounded on the
variable exponent Lebesgue space Lp(·) (RN ) if the variable exponent p(·)
is a constant outside a ball, it satisﬁes the local log-Hölder condition and
inf p(x) > 1. In the mean time, variable exponent Lebesgue spaces and
Sobolev spaces were introduced to discuss nonlinear partial diﬀerential equations with non-standard growth condition. These spaces have attracted more
and more attention, in connection with the study of elasticity, ﬂuid mechanics; see [25]. In the case of bounded open sets, Almeida-Hasanov-Samko
[2], Guliyev-Hasanov-Samko [13, 14] and Mizuta-Shimomura [21] studied
the boundedness of the maximal operator for the variable exponent Morrey
spaces.
Grand Lebesgue spaces were introduced in [16] for the sake of study of the
integrability of the Jacobian. Grand Lebesgue spaces have been considered in
16

various ﬁelds: in the theory of partial diﬀerential equations (see e.g. [17, 18,
26, 27]) and in the study of maximal operators (see e.g. [9]). In particular,
in the theory of partial diﬀerential equations, it turns out that they are
the right spaces in which N -harmonic equations div(|∇u|N −2 ∇u) = µ have
to be considered (see [10, 12]). Further they have been studied in their
own (see e.g. [3, 11]). Fiorenza-Gupta-Jain [8] studied the boundedness
of the maximal operator in the grand Lebesgue spaces Lp) ([0, 1]) (see also
[19]). Meskhi [20] generalized the boundedness of the maximal operator by
replacing grand Lebesgue spaces by grand Morrey spaces Lp),ν,θ (G), which
is the family of f ∈ L1loc (G) satisfying the grand Morrey condition
∫
rν
|f (y)|p−ε dy < ∞,
sup
εθ
|B(x,
r)|
x∈G,0<r<dG ,0<ε<p−1
B(x,r)
where G is a bounded open set in RN , ν > 0 and θ > 0.
Our ﬁrst aim in this talk is to establish the boundedness of the maximal
operator in grand Morrey spaces of variable exponents, as an extension of
Meskhi [20].
For 0 < α < N and a locally integrable function f on G, we deﬁne the
Riesz potential Uα f of order α by
∫
Uα f (x) =
|x − y|α−N f (y) dy.
G

One of important applications of the boundedness of the maximal operator
is Sobolev’s inequality; in the classical case,
∥Uα f ∥Lp∗ (RN ) ≤ C∥f ∥Lp (RN )
for f ∈ Lp (RN ), 0 < α < N and 1 < p < N/α. Sobolev’s inequality has been
studied in many articles and settings. If f ∈ Lp,ν (RN ), then it is shown (see
Adams [1] and Peetre [24]) that Uα f satisﬁes Sobolev’s inequality whenever
ν > αp, where 1 < p < ∞. Diening [7] dealt with Sobolev’s embeddings
for Riesz potentials with functions in Lp(·) (RN ). In the case of bounded
open sets, Almeida-Hasanov-Samko [2] and Mizuta-Shimomura [21] have
established embedding results for Riesz potentials of functions in the variable
exponent Morrey spaces. The version for the generalized variable exponent
Morrey space Lp(·),ω (G) was discussed by Guliyev-Hasanov-Samko [13, 14].
Further, Meskhi [20] studied Sobolev’s embeddings for Riesz potentials of
functions in the grand Morrey spaces.
Our second aim in this talk, as an application of the boundedness of maximal operator, is to establish Sobolev type inequalities for Riesz potentials
of functions in grand Morrey spaces of variable exponents, as an extension
of Meskhi [20].
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In [4], Knežević-Miljanović considered the Cauchy problem
{ ′′
u (t) = P (t)ta u(t)σ , t ∈ (0, 1],
u(0) = 0, u′ (0) = λ,

(1)

∫1
where P is continuous, a, σ, λ ∈ R with σ < 0 and λ > 0, and 0 |P (t)|ta+σ dt <
∞. In [3], Kawasaki and Toyoda considered the Cauchy problem
{ ′′
u (t) = f (t, u(t)), for almost every t ∈ [0, 1],
(2)
u(0) = 0, u′ (0) = λ,
where f is a mapping from [0, 1]×(0, ∞) into R and λ ∈ R with λ > 0. They
proved the unique solvability of the Cauchy problem (2) using the Banach
ﬁxed point theorem. The theorem in [3] is the following.
Theorem 1 Suppose that a mapping f from [0, 1] × [0, ∞) into R satisﬁes
the following.
1. The mapping t 7−→ f (t, u) is measurable for any u ∈ (0, ∞) and the
mapping u 7−→ f (t, u) is continuous for almost every t ∈ [0, 1].
2. |f (t, u1 )| ≥ |f (t, u2 )| for almost every t ∈ [0, 1] and for any u1 , u2 ∈
[0, ∞) with u1 ≤ u2 .
3. There exists α ∈ R with 0 < α < λ such that
∫ 1
|f (t, αt)|dt < ∞.
0

4. There exists β ∈ R with β > 0 such that
β|f (t, u)|
∂f
(t, u) ≤
∂u
u
for almost every t ∈ [0, 1] and for any u ∈ (0, ∞).
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Then there exist h ∈ R with 0 < h ≤ 1 such that the Cauchy problem (2) has
a unique solution in X, where X is a subset X = {u | u ∈ C[0, h], u(0) = 0,
u′ (0) = λand αt ≤ u(t) for any t ∈ [0, h]}.
The case that f (t, u(t)) = P (t)ta u(t)σ is the theorem of Knežević-Miljanović
[4]. Moreover, we can prove the unique solvability of the problem
{ ′′
u (t) = f (t, u(t), u′ (t)), for almost every t ∈ [0, 1],
u(0) = 0, u′ (0) = λ,
where f is a mapping from [0, 1] × (0, ∞) × R into R and λ ∈ R with λ > 0.

[1] L. H. Erbe and H. Wang, On the existence of positive solutions of ordinary diﬀerential equations, Proceedings of the American Mathematical
Society, 120 (1994), 743–748.
[2] H. T. Davis, Introduction to Nonlinear Diﬀerential and Integral Equations, Dover Publications, New York (1962).
[3] T. Kawasaki and M. Toyoda, Existence of positive solution for the Cauchy
problem for an ordinary diﬀerential equation, Nonlinear Mathematics
for Uncertainly and its Applications, Advances in Intelligent and Soft
Computing, 100 (2011), Berlin and New York, 435–441.
[4] J. Knežević-Miljanović, On the Cauchy problem for an Emden-Fowler
equation, Diﬀerential Equations 45 (2009), 267–270.
[5] J. S. W. Wong, On the generalized Emden-Fowler equation, SIAM Review
17 (1975), 339–360.
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For the integral operator Kf (x) =

∫x

K(x, t)f (t)dt, x ∈ (a, b) ⊆ R, under

a

some assumptions on the kernel K(x, t) ≥ 0 we ﬁnd necessary and suﬃcient
conditions for the validity of the following weighted inequalities
(
)
◦
∥wKf ∥q ≤ C ∥ρf ′ ∥p + ∥vf ∥p , ∀f ∈ AC (a, b),
and
∥u

)
(
d
◦
Kf ∥q ≤ C ∥ρf ′ ∥p + ∥vf ∥p , ∀f ∈ AC (a, b),
dx
◦

where w, u, ρ and v are weighted functions, AC (a, b) is a set of absolutely
continuous functions with compact supports.
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We deal with the problem of ﬁnding a common ﬁxed point for nonlinear
mappings, which is one of the most important problems in nonlinear analysis
and has been studied by a large number of researchers for various types of
nonlinear mappings.
In this talk, we will propose iterative schemes for two diﬀerent types of
nonlinear mappings deﬁned on a Banach space, whose generated sequence
converges strongly to their common ﬁxed point.
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In this paper, we prove new ﬁxed point theorems for generalized asymptotic pointwise ρ−contractions and pointwise asymptotically ρ− nonexpansive using the radius of the orbit in modular spaces. The results of this paper
we improve and extend results of Nicolae [1] and Kuaket and Kumam [2].

[1] A. Nicolae, Generalized asymptotic pointwise contractions and nonexpansive mappings involving orbits, Fixed Point Theory and Applications,
(2009) Article ID 458265, 19 pages
[2] K. Kuaket, P. Kumam, Fixed point for asymptotic point5wise contractions in modular spaces, Applied Mathematics Letters, (2011), 24 (11),
1795-1798.
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The problem of solving the operator inclusion Au ∋ 0 for some maximal
monotone operator A : H → 2H in a real Hilbert space H is a ﬁxed point
problem for some ﬁrmly nonexpansive mapping.
Let C be a nonempty subset of a real Hilbert space H and T : C → H
a mapping. Recall the following deﬁnitions: T is said to be nonexpansive if
∥T x − T y∥ ≤ ∥x − y∥ for all x, y ∈ C; T is said to be ﬁrmly nonexpansive
if ∥T x − T y∥2 ≤ ⟨T x − T y, x − y⟩ for all x, y ∈ C; see [3, 4]; T is said to be
nonspreading if 2∥T x−T y∥2 ≤ ∥T x−y∥2 +∥T y −x∥2 for all x, y ∈ C; see [6].
It is known that every ﬁrmly nonexpansive mapping is both nonexpansive
and nonspreading.
In this talk, we obtain some generalizations of the following ﬁxed point
theorem, which was originally shown in Banach spaces.
Theorem 1 ([6]) Every nonspreading self mapping of a nonempty bounded
closed convex subset of a real Hilbert space has a ﬁxed point.

[1] K. Aoyama and F. Kohsaka, Fixed point theorem for α-nonexpansive
mappings in Banach spaces, Nonlinear Anal. 74 (2011), 4387–4391.
[2] K. Aoyama, S. Iemoto, F. Kohsaka, and W. Takahashi, Fixed point and
ergodic theorems for λ-hybrid mappings in Hilbert spaces, J. Nonlinear
Convex Anal. 11 (2010), 335–343.
[3] F. E. Browder, Convergence theorems for sequences of nonlinear operators in Banach spaces, Math. Z. 100 (1967), 201–225.
[4] R. E. Bruck Jr., Nonexpansive projections on subsets of Banach spaces,
Paciﬁc J. Math. 47 (1973), 341–355.
[5] F. Kohsaka, Existence of ﬁxed points of nonspreading mappings with
Bregman distances, Advances in Intelligent and Soft Computing 100,
pp. 403–410, 2011.
[6] F. Kohsaka and W. Takahashi, Fixed point theorems for a class of nonlinear mappings related to maximal monotone operators in Banach spaces,
Arch. Math. (Basel) 91 (2008), 166–177.
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In many areas of analysis, average behavior is close to extreme. This
phenomenon is well-known for operator norms of matrices and tensors whose
entries are independent random variables whose values are 1 and -1 with
equal probability - and it has a variety of applications in functional analysis
and operator theory. In this talk, we identify the least possible values for
operator norms of square matrices whose entries are 1 or -1, modulo the
Hadamard Conjecture. (Joint work with Lizbee Collins-Wildman and Matt
Hoﬀman.)
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Let X be a Banach space. A set D is said to be diametrically maximal,
(DM) for short, if the addition of any point to D increases its diameter. This
notion is one century old: initially it was deﬁned as an alternative deﬁnition,
for closed convex sets, to constant width, (CW) for short: a notion already
studied in classical contexts from a lot of time. Indeed, (DM) and (CW)
coincide in Euclidean spaces; the same (less trivial fact) is true for Hilbert
spaces. For Minkowski spaces, the two deﬁnitions agree only in dimension 2
(this is known from almost half century), the class of (DM) sets being larger.
The two classes of sets can be considered also in inﬁnite-dimensional
spaces, but this was practically done only in the last few decades. It turns
out that in many spaces the two classes are really diﬀerent. Indeed, in
general, the notion of (CW) set has a more geometrical appeal; the study
of (DM) sets can involve the analytical and the geometrical structure of the
space. Given a sets A in X, we say that D(A) is a completion of A if it is
(DM) and its diameter is the same as the diameter of A.
Concerning (DM) sets, the following questions can be considered: Given
a bounded set A in X, how can we construct a completion of A? When is
such a completion unique? Can we construct a completion preserving some
properties of A? Can we indicate a canonical completion and/or a nice map
sending A to some completion of A? Is the class (DM) closed with respect
to the Hausdorﬀ metric?
In this talk we indicate some results and some problems concerning the
above questions. Moreover, we indicate several properties for closed bounded
sets which are akin to the two above notions, and we indicate the relations
among them.
In recent times relevant contributions to this topic have been given,
among others, by J.P. Moreno, R.R. Phelps, R. Schneider, H. Martini, M.V.
Balashov, E.S. Polovinkin.

27

Sep–13 1110–1150

Fixed point set of measures and positive deﬁnite functions
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In this talk I will explore some recent results on ﬁxed point sets of positive
measures and positive deﬁnite functions on a locally compact group. Some
related recent works on the structure of ﬁxed point set in the group von
Neumann algebra of power bounded elements of the Fourier Stieltjes algebra
of a locally compact group will also be discussed.
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Several types of the Schur property is considered in the theory of Banach
lattices. Namely, a Banach lattice E = (E, ∥ · ∥) has
– the Schur property, if xn → 0 weakly, then ∥xn ∥ → 0,
– the positive Schur property, whenever 0 ≤ xn → 0 weakly implies
∥xn ∥ → 0,
– the strong Schur property if there exists a number K > 0 such that
for all δ ∈ (0, 2] every δ-separated sequence in the unit ball contains a
subsequence Kδ-equivalent to the standard ℓ1 -basis,
– the dual positive Schur property, if 0 ≤ fn → 0 in the weak∗ topology,
then ∥fn ∥ → 0.
We present various characterizations of properties mentioned above as well
as examples of Banach lattices having these properties. We concentrate on
structural and operator characterizations, i.e., we show which properties of a
Banach lattices E imply (or are equivalent to) a respective type of the Schur
property, and which relationships between suitable classes of operators on E
are responsible for the Schur properties.
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The notion of the James constant of Banach spaces was introduced by
Gao and Lau and it has been studied by several authors. The James constant
J(X) of a Banach space X is deﬁned by
J(X) = sup{min{∥x + y∥, ∥x − y∥} : x, y ∈ X, ∥x∥ = ∥y∥ = 1}.
√
It is well-known that 2 ≤ J(X) ≤ 2 for any banach space X, and J(X) < 2
if and only if X is uniformly non-square.
This talk is a survey of recent results about the calculations of several
geometric constants of normed linear spaces. In particular, we present how to
calculate the James constant of R2 with absolute normalized norms. Further,
we remark about the properties of James constant.

This is the joint work with Naoto Komuro and Ken-Ichi Mitani.
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Inspired by the concept of U -spaces introduced by Lau [2] we introduced
the class of semi-uniform Kadec–Klee spaces, which is a uniform version of
semi Kadec–Klee spaces studied by Vlasov [3]. This class of spaces is a wider
subclass of spaces with weak normal structure and hence generalizes many
known results in the literature. We give a characterization for a certain
direct sum of Banach spaces to be semi-uniform Kadec–Klee and use this
result to construct a semi-uniform Kadec–Klee space which is not uniform
Kadec–Klee. At the end of the paper, we give a remark concerning the
uniformly alternative convexity or smoothness introduced by Kadets et al.
[1].

[1] V. M. Kadets, R. V. Shvidkoy, G. G. Sirotkin, and D. Werner, Espaces de
Banach ayant la propriété de Daugavet, Comptes Rendus de l’Académie
des Sciences. Série I 325(12) 1997, 1291–1294 (French).
[2] K. S. Lau, Best approximation by closed sets in Banach spaces, Journal
of Approximation Theory 23 (1) 1978, 29–36.
[3] L. P. Vlasov, Some theorems on Chebyshev sets, Mathematical Notes of
the Academy of Sciences of the USSR 11(2) 1972, 87–92.
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Every absolute normalized norm on CN is constructed from a convex
function ψ∑
satisfying certain conditions on the convex set ∆N = {(s1 , · · · , sN −1 )
−1
∈ RN −1 : N
i=1 si ≤ 1, si ≥ 0} ([6, 1]). The class of such convex functions
is dented by ΨN . The ψ-direct sum of N Banach spaces is their direct sum
equipped with the norm ∥(x1 , . . . , xN )∥ψ := ∥(∥x1 ∥, . . . , ∥xN ∥)∥ψ , where the
right side ∥ · ∥ψ is the corresponding norm to ψ ∈ ΨN ([4, 7]).
The starting point of this work is the following ([3]): The ψ-direct sum
X⊕ψ Y of Banach spaces X and Y , ψ ∈ Ψ2 , is uniformly non-square (UNSQ)
if and only if X and Y are UNSQ and ψ ̸= ψ1 , ψ ̸= ψ∞ , where ψ1 and ψ∞ are
the corresponding convex functions to ℓ1 - and ℓ∞ -norms on C2 , respectively.
For N Banach spaces the situation is much more complicated. Dowling and
Saejung [2] presented a characterization of the UNSQ ψ-direct sum for 3
Banach spaces from Z-direct sum approach, where they mentioned that it
looks quite complicated for the case N ≥ 4.
Our approach is to ﬁnd out a subclass of ΨN including ψ1 , ψ∞ which
should be excluded to extend the above characterization in [3]. As a step
(1)
(not small) to the goal we shall introduce a subclass ΨN of convex functions
which yield ℓ1 -like norms, or one may say partially ℓ1 -norms on CN . We shall
present a sequence of their characterizations and several applications.
This is a joint work with Prof. Takayuki Tamura, Chiba Univ., Japan.
[1] F. F. Bonsall and J. Duncan, Numerical Ranges II, London Math. Soc. Lecture
Note Ser. 10 (1973).
[2] P. N. Dowling and S. Saejung, Non-squareness and uniform non-squareness of
Z-direct sums, J. Math. Anal. Appl. 369 (2010), 53–59.
[3] M. Kato, K.-S. Saito and T. Tamura, Uniform non-squareness of ψ-direct sums
of Banach spaces X ⊕ψ Y , Math. Inequal. Appl. 7 (2004), 429–437.
[4] M. Kato, K.-S. Saito and T. Tamura, On the ψ-direct sums of Banach spaces
and convexity, J. Aust. Math. Soc. 75 (2003), 413–422.
[5] M. Kato and T. Tamura, Weak nearly uniform smoothness of ψ-direct sums
(X1 ⊕ · · · ⊕ XN )ψ , submitted.
[6] K.-S. Saito, M. Kato and Y. Takahashi, On absolute norms on Cn , J. Math.
Anal. Appl. 252 (2000), 879–905.
[7] Y. Takahashi, M. Kato and K.-S. Saito, Strict convexity of absolute norms on
C2 and direct sums of Banach spaces, J. Inequal. Appl. 7 (2002), 179–186.
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Let X be a real Banach space. In this talk we present recent results on the
skewness of X, especially in connection with the modulus of smoothness and the
James constant. This is a joint work with K.-S. Saito and Y. Takahashi.
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There are many norms on the n-dimensional vector space Rn . A norm ∥ · ∥
on Rn is said to be absolute if ∥(x1 , x2 , . . . , xn )∥ = ∥(|x1 |, |x2 |, . . . , |xn |)∥ for all
(x1 , x2 , . . . , xn ) ∈ Rn , and normal if ∥ · ∥∞ ≤ ∥ · ∥ ≤ ∥ · ∥1 . Recently, Alonso
showed that every two-dimensional normed space is isometrically isomorphic to a
generalized Day-James space which was introduced by Nilsrakoo and Saejung. In
fact, a normed space (R2 , ∥ · ∥) is a generalized Day-James space if and only if the
norm ∥ · ∥ is normal.
In this talk, we consider the above result in case of n-dimensional normed linear
spaces.
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In this talk, we introduce an orthogonal decomposition in a Banach space which
is an extension of the orthogonal complemented subspace decomposition of a Hilbert
space. By using it, we can deﬁne an orthogonal projection of a Banach space
as a nonlinear retraction. We show that all contractive linear projections of a
Banach space are orthogonal projections. Recently, we study nonlinear analytic
methods for linear contractive semigroups in Banach spaces and apply them to the
splitting theorem of Jacobs-de Leeuw-Glicksberg. Using these results, we obtain
the extension of Lin’s proposition for a group of linear operators to a semigroup.
[1] T. Honda and W. Takahashi, Norm One Projections and Generalized Conditional Expectations, Sci. Math. Jpn. 69 (2009), 303–313.
[2] T. Honda, W. Takahashi and J. C. Yao, Nonexpansive retractions onto closed
convex cones in Banach spaces, Taiwanese J. Math., 14 (2010), no. 3B, 1023–
1046.
[3] T. Honda, Nonlinear analytic approach to the splitting theorem of JacobsdeLeeuw-Glicksberg, Nonlinear Anal., to appear.
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For σ ∈ [0, ∞), p ∈ [1, ∞) and λ ∈ R, we deﬁne Bσ -Morrey space, i.e.,
Bσ (Lp,λ )(Rn ) as the sets of all functions f on Rn such that

(
)1/p 
∫


1
1
1
∥f ∥Bσ (Lp,λ ) = sup σ
|f (y)|p dy
sup
< ∞,
λ

|Q(x, s)| Q(x,s)
r≥1 r Q(x,s)⊂Qr s
where Qr = {y = (y1 , y2 , · · · , yn ) ∈ Rn : max1≤i≤n |yi | < r} or Qr = {y ∈ Rn :
|y| < r}, and Q(x, s) = {x + y : y ∈ Qs }. And then we consider the boundedness of some operators on the Bσ (Lp,λ )(Rn ), which unify a series of results on the
boundedness on several function spaces.
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In 1964, C. F. Dunkl and K. S. Williams showed that for any nonzero elements
x, y in a Banach space X,
x
y
4∥x − y∥
−
.
≤
∥x∥ ∥y∥
∥x∥ + ∥y∥
This inequality is called the Dunkl-Williams inequality and have been studied.
In 2008, A. Jimenez-Melado et. al deﬁned the Dunkl-Williams constant DW (X)
of a Banach space X:
{
}
∥x∥ + ∥y∥ x
y
DW (X) = sup
−
x, y ∈ X, x, y ̸= 0, x ̸= y .
∥x − y∥ ∥x∥ ∥y∥
We summarize some basic properties of the Dunkl-Williams constant.
(i) For any Banach space X, 2 ≤ DW (X) ≤ 4.
(ii) DW (X) = 2 if and only if X is an inner product space.
(iii) DW (X) < 4 if and only if X is uniformly non-square, that is, there exits δ > 0
such that ∥x + y∥ > 2(1 − δ) and ∥x∥ = ∥y∥ = 1 implies ∥x − y∥ < 2(1 − δ).
In this talk, we present how to calculate this constant. As an application, we
calculate the Dunkl-Williams constant of some Banach spaces.
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In this talk, we deal with convergence theorems for families of nonlinear mappings in Hilbert spaces or Banach spaces. We ﬁrst prove nonlinear mean convergence
theorems for nonlinear mappings (see [1–3]). We also prove convergence theorems
for nonlinear mappings by the Mann iteration process.
[1] J.B. Baillon, Un theoreme de type ergodique pour les contractions non lineaires
dans un espace de Hilbert, C. R. Acad. Sci. Paris Sger., A-B 280 (1975), 1511–
1514.
[2] P. Kocourek, W. Takahashi, and J.-C. Yao, Fixed point theorems and ergodic
theorems for nonlinear mappings in Banach spaces, Adv. Math. Econ. 15 (2011),
67–88.
[3] W. Takahashi and Y. Takeuchi, Nonlinear ergodic theorem without convexity for
generalized hybrid mappings in a Hilbert space, J. Nonlinear Convex Anal. 12
(2011), 399–406.
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We study the Bergman space HL2 (B, dvα ) consisting of all holomorphic function f on the unit ball B = {z : |z| < 1} which f is square-integrable with respect
Γ(α + 2)
to measure dvα =
(1 − |z|2 )α . The spaces are non-zero if and only if
πΓ(α + 1)
α > −1. However the formula for reproducing kernel is given by Kα (z, w) =
1
which is positive deﬁnite when α > −2. This indicates that we
π(1 − ⟨z, w⟩)α+2
can deﬁne spaces with the same formula for the reproducing kernel when α > −2.
By using a Sobolev-type norm, a generalized Bergman space H(B, α) : = {f ∈
df
HL2 (B, dvα+2 ) : z dz
∈ HL2 (B, dvα+2 )} is the same as HL2 (B, dvα ) when α >
−1 but still non-zero when −2 < α ≤ −1.
In this talk, we will present the dual space of H(B, α) which can be identiﬁed
with a Bergman space HL2 (B, dvβ ) for some β.
[1] Chailuek, K. and Hall, B., Toeplitz operators on generalized Bergman spaces,
Integral Equations and Operator Theory, 66(2010), 53 − 77.
[2] Senmoh, M., Another aspect of a generalized Bergman space, Master Thesis,
Graduate School, Prince of Songkla University, 2012.
[3] Zhu K., Spaces of holomorphic functions in the unit ball, Springer, 2010.
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The Cesàro function spaces Cesp (I) on both I = [0, 1] and I = [0, ∞) are the
classes of Lebesgue measurable real functions f on I such that
∥f ∥C(p) =

[∫ ( ∫ x
)p
]1/p
1
dx
< ∞ for
|f (t)| dt
x 0
I

and
∥f ∥C(∞) =

sup
x∈I, x>0

1
x

∫

1 ≤ p < ∞,

x

|f (t)| dt < ∞

for p = ∞.

0

For 1 < p < ∞ spaces Cesp (I) are separable, strictly convex and not symmetric.
They, in the contrast to the sequence spaces, are not reﬂexive and do not have the
ﬁxed point property (cf. [1]). The Cesàro sequence spaces cesp for 1 < p < ∞ are
deﬁned as the set of all real sequences x = {xk } such that
[
∥x∥c(p) =

∞
∑

n=1

(

1∑
|xk |
n
n

)p ]1/p
< ∞ for

1 ≤ p < ∞,

k=1

(

and
∥x∥c(∞) = sup
n∈N

1∑
|xk |
n
n

)
<∞

for p = ∞.

k=1

They are separable, reﬂexive, not symmetric and not B-convex Banach spaces, but
they have the ﬁxed point property.
The structure of the Cesàro function spaces Cesp (I) is investigated. Their dual
spaces, which equivalent norms have diﬀerent description on [0, 1] and [0, ∞), are
described. The spaces Cesp (I) for 1 < p < ∞ are not isomorphic to any Lq (I)
space with 1 ≤ q ≤ ∞. They have “near zero” complemented subspaces isomorphic
to lp and “in the middle” contain an asymptotically isometric copy of l1 and also a
copy of L1 [0, 1]. They do not have Dunford-Pettis property. Cesàro function spaces
on [0, 1] and [0, ∞) are isomorphic for 1 < p < ∞. Moreover, the Rademacher
functions span in Cesp [0, 1] for 1 ≤ p < ∞ a space which is isomorphic to l2 since
the equivalence
( n
)1/2
n
∑
∑
2
∥
ak rk ∥C(p) ≈
ak
k=1

k=1
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is true for any real numbers a1 , a2 , ..., an and any n ∈ N. This subspace is uncomplemented in Cesp [0, 1]. In the space Ces∞ [0, 1], and also in its p-convexiﬁcation
(p)
Ces∞ [0, 1] := Kp with 1 ≤ p < ∞, the corresponding equivalence is
∥

n
∑
k=1

(
ak rk ∥Kp ≈

n
∑

)1/2
a2k

k=1

+ max |
1≤m≤n

m
∑

ak |.

k=1

The talk is based on joint papers with Sergey V. Astashkin.
[1] S. V. Astashkin and L. Maligranda, Cesàro function spaces fail the ﬁxed point
property, Proc. Amer. Math. Soc. 136 (2008), no. 12, 4289–4294.
[2] S. V. Astashkin and L. Maligranda, Structure of Cesàro function spaces, Indag.
Math. 20 (2009), no. 3, 329–379.
[3] S. V. Astashkin and L. Maligranda, Rademacher functions in Cesàro type spaces,
Studia Math. 198 (2010), no. 3, 235–247.
[4] S. V. Astashkin and L. Maligranda, Geometry of Cesàro function spaces, Funktsional. Anal. i Prilozhen. 45 (2011), no. 1, 79–83.
[5] S. V. Astashkin, On the geometric properties of Cesàro spaces, Mat. Sb. 203
(2012), no. 4, 61–80; English transl. in Sb. Math. 203 (2012), no. 4, 514–533.
[6] G. Bennett, Factorizing the Classical Inequalities, Mem. Amer. Math. Soc. 120,
Providence 1996.
[7] A. Kamińska and T. Kubiak, On the dual of Cesàro function space, Nonlinear
Analysis 75 (2012), no. 5, 2760–2773.
[8] A. Kufner, L. Maligranda and L.-E. Persson, The Hardy Inequality. About its
History and Some Related Results, Vydavatelski Servis Publishing House, Pilzen
2007.
[9] L. Maligranda, N. Petrot and S. Suantai, On the James constant and Bconvexity of Cesàro and Cesàro-Orlicz sequence spaces, J. Math. Anal. Appl.
326 (2007), no. 1, 312–331.
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The classical Cesàro operator, given by
C(f )(z) :=

∞ (
∑
n=0

1 ∑ ) n
ak z ,
n+1
n

k=0

∑∞
with f (z) = 0 ak z k an analytic function on the open unit disc D, is bounded
on the Hardy space H p , for every 1 ≤ p < ∞. For each 1 ≤ p < ∞, there exist
analytic functions f ̸∈ H p (D) with C(f ) ∈ H p (D). We discuss the identiﬁcation
and properties of the (Banach) space of analytic functions [C, H p ] consisting of all
analytic functions that C maps into H p (D).
It is shown that [C, H p ] contains classical Banach spaces of analytic functions
X, genuinely larger that H p , such that C has a continuous H p -valued extension to
X. An important feature of [C, H p ] is that functions f ∈ [C, H p ] have a growth
characterization. Namely, for 1 < p < ∞,
∫

2π

(∫

f ∈ [C, H p ] ⇐⇒
0

0

1

|f (reiθ )|2
(1 − r) dr
|1 − reiθ |2

)p/2
dθ < ∞.

Particular attention is given to the subspace of [C, H 2 ] consisting on all functions
which are the unconditional sum of their Taylor series.
The work presented is joint with Werner J. Ricker from the Katholische Universitt Eichstätt-Ingolstadt (Germany).
[1] G.P. Curbera and W.J. Ricker, Extensions of the classical Cesàro operator on
Hardy spaces, Math. Scand., 108 (2011) 637-653.
[2]

, Solid extension of the Cesàro operator on the Hardy space H 2 (D),
preprint.
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It is obvious and well known fact that the geometry and topology of ﬁnite
dimensional Banach spaces changes substantially when we pass to the case of inﬁnite
dimension. This is caused mainly by the fact that bounded and closed subsets of
inﬁnite dimensional space are not necessarily compact.
Especially all balls are not compact. In consequence of that, many classical
theorems valid in ﬁnite dimensional spaces fail in this more general setting. Within
the category of inﬁnite dimensional Banach spaces, there are also diferences caused
by the regularity of geometries induced by the selection of the norm.
We present here some examples and open problems.
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We introduce a concept of generalized Orlicz-Morrey spaces and state a necessary and suﬃcient condition related to inclusion relations of these spaces. And
a necessary and suﬃcient condition of the boundedness of the Hardy-Littlewood
maximal operator in generalized Orlicz-Morrey spaces is given. This result is a
generalization of Theorem 5.1 in [4]
Theorem 1 Let Φ be a Young function and ϕ, ψ ∈ G1 . And let Ψ be a p-convex
function for some 0 < p ≤ 1. Then (i) and (ii) are equivalent:
(i) The inclusion relation L(Φ,ϕ) (Rn ) ⊆ L(Ψ,ψ,p) (Rn ) holds.
(ii) The following properties (p-1) and (p-2) hold.
(p-1) There exist constants C1 > 1 and C2 > 1 such that
Ψ(t) ≤ C1 ψ(ϕ−1 (Φ(C2 t)))

for all

0 < t < ∞.

(p-2) There exist constants A1 > 1 and A2 > 1 such that
( )
s
ψ(r)
Ψ
≤ A2 Φ(s) ·
A1
ϕ(r)

(1)

(2)

for all r, s satisfying Φ−1 (ϕ(r)) < s < sup0<u<∞ Φ−1 (ϕ(u)) .

[1] L. Maligranda, Orlicz spaces and interpolation, Sem. Math. 5, Depto de Mat.
Univ. Estadual de Campinas, Brasil, 1989.
[2] C. B. Morrey, On the solutions of quasi-linear elliptic partial diﬀerential equations, Trans. Amer. Math. Soc. 43 (1938), 126-166.
[3] E. Nakai, Generalized fractional integrals on Orlicz–Morrey spaces, in: Banach
and Function Spaces (Kitakyushu, 2003), Yokohama Publ., Yokohama 2004,
323–333.
[4]

, Orlicz-Morrey spaces and the Hardy -Littlewood maximal function, Studia Math. 188 (2008), 193–221.

[5] W. Orlicz, Über eine gewisse Klasse von Räumen vom Typus B, Bull. int’l. de
l’Acad. Pol. série A 8 (1932), 207–220.
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We deal with the interpolation methods Ā(α,β),q;J , Ā(α,β),q;J associated to the
unit square (see [6, 5]). Let A0 and A1 be Banach spaces with A0 ,→ A1 and let
Ā = (A0 , A1 , A1 , A0 ) be the 4-tuple obtained by sitting A0 on (0, 0) and (1, 1), and
A1 on (1, 0) and (0, 1). It is shown in [2] and [1] that interpolating Ā by the methods
deﬁned by the square with (α, β) in the diagonals, then the resulting spaces are real
interpolation spaces (A0 , A1 )θ,q where 0 < θ < 1 , 1 ≤ q ≤ 1 and limiting real
spaces where θ = 0, 1. In this talk, we consider the case of a general Banach couple
Ā = (A0 , A1 ), not necessary ordered. For this aim, we ﬁrst introduce limiting real
methods that work for arbitrary Banach couples. Then we show that the spaces
generated by the K-method (respectively, J-method) deﬁned by the unit square
and Ā turn out to be sums (respectively, intersections) of limiting spaces and real
interpolation spaces.
Results are part of joint works with F. Cobos and P. Silvestre [3, 4].
[1] F. Cobos, L.M. Fernández-Cabrera, T. Kühn and T. Ullrich, On an extreme
class of real interpolation spaces, J. Funct. Anal. 256 (2009) 2321-2366.
[2] F. Cobos, L.M. Fernández-Cabrera and J. Martı́n, Some reiteration results for
interpolation methods deﬁned by means of polygons, Proc. Royal Soc. Edinb.
138A (2008) 1179-1195.
[3] F. Cobos, L.M. Fernández-Cabrera and P. Silvestre, New limiting real interpolation methods and their connection with the methods associated to the unit
square, Math. Nachr. (to appear).
[4] F. Cobos, L.M. Fernández-Cabrera and P. Silvestre, Limiting J-spaces for general couples, Z. Anal. Anwendungen (to appear).
[5] F. Cobos and J. Peetre, Interpolation of compact operators: The multidimensional case, Proc. London Math. Soc. 63 (1991) 371-400.
[6] D.L. Fernandez, Interpolation of 2n Banach spaces, Studia Math. 45 (1979)
175-201.
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In this talk the speaker would like to convey the notion of Hardy spaces are
important in analysis. The speaker will explain the motivation and the deﬁnition of
Hardy spaces. One of the advantages is the atomic decomposition. As an evidence,
the speaker will propose an application.
To realize this purpose, we use the variable Lebesgue spaces, which are believed
to be most diﬃcult function spaces in harmonic analysis.
Let Lp(·) (Rn ) be the set of all measurable functions f for which the quasi-norm
{
}
)p(x)
∫ (
|f (x)|
∥f ∥Lp(·) = inf λ > 0 :
dx ≤ 1
λ
Rn
is ﬁnite. One deﬁnes variable Hardy spaces by using the following norm
∥f ∥Lp(·) ≡ sup |et∆ f |
t>0

.
Lp(·)

We aim here to prove the following fact.
Theorem 1
1. The variable Hardy spaces admits the maximal characterization.
2. The variable Hardy spaces admits the atomic characterization.
3. Singular integral operators are bounded.
4. The variable Hardy spaces admits the Littlewood-Paley characterization.
5. If sup p(x) ≤ 1, then the dual can be characterized.
As an application of the atomic decomposition, the speaker will mention how
we apply it to the boundedness of operators. We try to obtain the Olsen inequality,
which is of the form
∥f · g∥X ≤ ∥g∥Y ∥(−∆)α/2 f ∥Z
for some Banach spaces.
This work is partly based upon [1] and some related works in preparation.
[1] Eiichi Nakai and Yoshihiro Sawano, Hardy spaces with variable exponents and
generalized Campanato spaces, Journal of Functional Analysis 262 (2012) 3665–
3748.
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For x = (x1 , x2 , · · · , xn ) ∈ Rn and r > 0, let
{
}
Q(x, r) = y = (y1 , y2 , · · · , yn ) ∈ Rn : max |yi − xi | < r .
1≤i≤n

For p ∈ [1, ∞) and ϕ : (0, ∞) → (0, ∞), let Lp,ϕ (Rn ) be the set of all functions
f such that the following functional is ﬁnite:
∥f ∥Lp,ϕ (Rn )

1
= sup
Q(x,r) ϕ(r)

(

1
|Q(x, r)|

)1/p

∫
|f (y)| dy
p

.

Q(x,r)

Assume that lim ϕ(r) = ∞, lim ϕ(r) = 0 and
r→0

ϕ(r) ≤ Cϕ(s),

r→∞

sn/p ϕ(s) ≤ Crn/p ϕ(r) for 0 < s < r.

For ρ : (0, ∞) → (0, ∞) with appropriate conditions, let
∫
ρ(|x − y|)
f (y) dy.
Iρ f (x) =
|x − y|
n
R
Gunawan [2] proved that the operator Iρ is bounded from Lp,ϕ (Rn ) to Lq,ϕp/q (Rn ),
if p < q and
∫ r
∫ ∞
ρ(t)
ϕ(t)ρ(t)
ϕ(r)
dt +
dt ≤ Cϕ(r)p/q for r > 0.
t
t
0
r
This is a generalization of Adams’ result in [1].
In this talk we extend
Gunawan’s result to generalized Morrey spaces with variable growth condition. This
is also an extension of the result in [3].
[1] D. R. Adams, A note on Riesz potentials, Duke Math. J. 42 (1975), no. 4,
765–778.
[2] H. Gunawan, A note on the generalized fractional integral operators, J. Indonesian Math. Soc. (MIHMI) 9(1) (2003), 39–43.
[3] E. Nakai, Hardy-Littlewood maximal operator, singular integral operators and
the Riesz potentials on generalized Morrey spaces, Math. Nachr. 166 (1994),
95–103.
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Let Mn (C)(resp. Mn,sa (C)) be the set of all n × n complex matrices (resp.
all n × n self-adjoint matrices), endowed with the Hilbert-Schmidt scalar product
⟨A, B⟩ = T r(A∗ B). Let Mn,+ (C) be the set of strictly positive elements of Mn (C)
and Mn,+,1 (C) be the set of stricly positive density matrices, that is Mn,+,1 (C) =
{ρ ∈ Mn (C)|T rρ = 1, ρ > 0}. If it is not otherwise speciﬁed, from now on we shall
treat the case of faithful states, that is ρ > 0.
A function f : (0, +∞) → R is said operator monotone if, for any n ∈ N, and
A, B ∈ Mn such that 0 ≤ A ≤ B, the inequalities 0 ≤ f (A) ≤ f (B) hold. An
operator monotone function is said symmetric if f (x) = xf (x−1 ) and normalized if
f (1) = 1.
Definition 1 Fop is the class of functions f : (0, +∞) → (0, +∞) such that
(1) f (1) = 1,
(2) tf (t−1 ) = f (t),
(3) f is operator monotone.
Example 2 Examples of elements of Fop are given by the following list
2x
fRLD (x) =
,
x+1
fSLD (x) =

(√
)2
x+1
fW Y (x) =
,
2

fBKM (x) =

x−1
,
log x

x+1
(x − 1)2
, fW Y D (x) = α(1 − α) α
, α ∈ (0, 1).
2
(x − 1)(x1−α − 1)

Remark Any f ∈ Fop satisﬁes
2x
x+1
≤ f (x) ≤
, x > 0.
x+1
2
For f ∈ Fop deﬁne f (0) = limx→0 f (x). We introduce the sets of regular and
non-regular functions
r
n
Fop
= {f ∈ Fop |f (0) ̸= 0}, Fop
{f ∈ Fop |f (0) = 0}
r
n
and notice that trivially Fop = Fop
∪ Fop
.
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Definition 3 Let g, f ∈ Fop
satisfy

g(x) ≥ c

(x − 1)2
f (x)

for some c > 0. We deﬁne
∆fg (x) = g(x) − c

(x − 1)2
r
∈ Fop
f (x)

In Kubo-Ando theory of matrix means one associates a mean to each operator
monotone function f ∈ Fop by the formula
mf (A, B) = A1/2 f (A−1/2 BA−1/2 )A1/2 ,
where A, B ∈ Mn,sa (C). Using the notion of matrix means one may deﬁne the
class of monotone metrics (also said quantum Fisher informtions) by the following
formula
⟨A, B⟩ρ,f = T r(A · mf (Lρ , Rρ )−1 (B)),
where Lρ (A) = ρA, Rρ (A) = Aρ. In this case one has to think of A, B as tangent
vectors to the manifold Mn,+,1 (C) at the point ρ (see [9], [3]).
Definition 4 For A, B ∈ Mn,sa and ρ ∈ Mn,+,1 (C), we deﬁne the following quantities:
Corrρ(g,f ) (A, B) = c⟨i[ρ, A], i[ρ, B]⟩ρ,f , Iρ(g,f ) (A) = Corrρ(g,f ) (A, A),
Cρf (A, B) = T r[Amf (Lρ , Rρ )B], Cρf (A) = Cρf (A, A),
√
∆f
∆f
(g,f )
Uρ (A) = (Cρg (A) + Cρ g (A))(Cρg (A) − Cρ g (A)),
(g,f )

(g,f )

The quantity Iρ (A) and Corrρ (A, B) are said generalized metric adjusted skew
information and generalized metric adjusted correlation measure, respectively.
Then we have the following proposition.
Proposition 5 For A, B ∈ Mn,sa (C) and ρ ∈ Mn,+,1 (C), we have the following
relations, where we put A0 = A − T r[ρA]I and B0 = B − T r[ρB].
(g,f )

(1) Iρ

(g,f )

(A) = Iρ

(g,f )

∆f

(A0 ) = Cρg (A0 ) − Cρ g (A0 ),
∆f

(A) = Cρg (A0 ) + Cρ g (A0 ),
√
(g,,f )
(g,f )
(g,f )
(3) Uρ (A) = Iρ
(A) · Jρ (A).

(2) Jρ

(g,f )

(4) Corrρ

(g,f )

(A, B) = Corrρ

(A0 , B0 ).
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Theorem 6 For f ∈ Fop
, if

g(x) + ∆fg (x) ≥ df (x)
for some d > 0, then it holds
Uρ(g,f ) (A) · Uρ(g,f ) (B) ≥ cd|T r(ρ[A, B])|2 ,
Uρ(g,f ) (A) · Uρ(g,f ) (B) ≥ 4cd|Corrρf (A, B)|2 ,
where A, B ∈ Mn,sa (C) and ρ ∈ Mn,+,1 (C).
Example 7

(1) When

g(x) =

(x − 1)2
f (0)
x+1
, f (x) = α(1 − α) α
, c=
, d = 2,
1−α
2
(x − 1)(x
− 1)
2

we have the results given by [13, 1].
(2) Let

(√
g(x) =

x+1
2

)2
, f (x) = α(1 − α)

(x − 1)2
.
(xα − 1)(x1−α − 1)

If we assume c = f (0)/4 and d = 2, then it is probably shown by Mathematica
that
g(x) + ∆fg (x) ≥ 2f (x)
holds for 0 < α < 0.1 or 0.9 < α < 1. And also if we assume c = f (0)/8 and
d = 3/2, then it is probably shown by Mathematica that
g(x) + ∆fg (x) ≥

3
f (x)
2

holds for 0 < α < 1.
(3) When
(
g(x) =

xγ + 1
2

)1/γ
(

c=

3
≤ γ ≤ 1), f (x) =
4

(√
)2
x+1
,
2

f (0)
, d = 2,
4

it is shown that g(x) + ∆fg (x) ≥ 2f (x) holds by Mathematica.

[1] Furuichi, S., Yanagi, K., Schrödinger uncertainty relation, Wigner-YanaseDyson skew information and metric adjusted correlation measure, J. Math.
Anal. Appl., 388, 1147-1156(2012)
[2] Gibilisco, P., Imparato, D., Isola, T., Uncertainty principle and quantum Fisher
information, II, J. Math. Phys., 48, 072109 (2007)
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The existence and uniqueness of the solution to the BCS gap equation for superconductivity were established for each ﬁxed temperature in the literature. But
the temperature dependence of the solution was not covered. For example, how the
solution varies with the temperature was not pointed out, and it was not shown
that the solution is continuous with respect to the temperature.
Studying the temperature dependence of the solution to the BCS gap equation
for superconductivity is very important in condensed matter physics, and so we
address this problem.
On the basis of the Schauder ﬁxed-point theorem, we ﬁrst give another proof of
the existence and uniqueness of the solution so as to show how the solution varies
with the temperature. More precisely, we show that the solution belongs to a certain
set, from which we see how the solution varies with the temperature.
On the basis of the Banach ﬁxed-point theorem, we then show that the solution
is indeed continuous with respect to both the temperature and the wavevector of
an electron when the temperature satisﬁes a certain condition.
[1] Shuji Watanabe, The solution to the BCS gap equation and the second-order
phase transition in superconductivity, J. Math. Anal. Appl. 383 (2011), 353-364.
[2] Shuji Watanabe, Is the solution to the BCS gap equation continuous in the
temperature ?, arXiv: 1008.4436.
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States on coupled quantum systems have recently studied from many points of
view. In this talk, we focus on states on the coupled quantum system Mn (C) ⊗
Mn (C) whose restrictions to each subsystem are the normalized traces. Such states
are called marginal tracial states.
Entanglement of an marginal tracial state is connected with the rank of the
state. For example, if a marginal tracial state is pure, then the state is a maximally
entangled state. And if the rank of an marginal tracial state is less than or equal
to n, then the state is entangled.
So, we consider the maximal rank of extremal marginal tracial states. We will
see that the maximal rank is bigger than n if n ≥ 3, but an extremal marginal
tracial state is entangled when the rank is n + 1.
[1] U. Haargerup and M. Musat, Factorization and dilation problems for completely
positive maps on von Neumann algebras, Commun. Math. Phys. 303, 555–594
(2011).
[2] M. Horodecki, P. W. Shor and M. B. Ruskai, Entanglement breaking channels,
Rev. Math. Phys. 15, 629–641 (2003).
[3] L. J. Landau and R. F. Streater, On Birkhoﬀ’s theorem for doubly stochastic
completely positive maps on matrix algebras, Linear algebra appl. 193, 107–127
(1993).
[4] H. Ohno, Maximal rank of extremal marginal tracial states, J. Math. Phys. 51,
092101 (2010).
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The aim of this talk is to investigate a hybrid projection method and a hybrid
shrinking projection method introduced in [6] for a single mapping of type (P)
in a Banach space. Using the techniques in [2, 4, 5], we show that the sequences
generated by these methods are well-deﬁned without assuming the existence of ﬁxed
points. We also show that the boundedness of the generated sequences is equivalent
to the existence of ﬁxed points of mappings of type (P).
[1] K. Aoyama, F. Kohsaka, and W. Takahashi, Three generalizations of ﬁrmly
nonexpansive mappings: their relations and continuity properties, J. Nonlinear
Convex Anal. 10 (2009), 131–147.
[2] K. Aoyama, F. Kohsaka, and W. Takahashi, Shrinking projection methods for
ﬁrmly nonexpansive mappings, Nonlinear Anal. 71 (2009), e1626–e1632.
[3] K. Aoyama and F. Kohsaka, Existence of ﬁxed points of ﬁrmly nonexpansive-like
mappings in Banach spaces, Fixed Point Theory Appl. 2010, Art. ID 512751,
15 pp.
[4] S. Matsushita and W. Takahashi, A proximal-type algorithm by the hybrid
method for maximal monotone operators in a Banach space, in Nonlinear analysis and convex analysis, pp. 355–365, Yokohama Publ., Yokohama, 2007.
[5] S. Matsushita and W. Takahashi, The sequences by the hybrid method and existence of ﬁxed points of nonexpansive mappings in a Hilbert space, in Fixed point
theory and its applications, pp. 109–113, Yokohama Publ., Yokohama, 2008.
[6] W. Takahashi, Y. Takeuchi, and R. Kubota, Strong convergence theorems by
hybrid methods for families of nonexpansive mappings in Hilbert spaces, J. Math.
Anal. Appl. 341 (2008), 276–286.
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In this talk, motivated by the result of Kimura and Takahashi [2] and that of
Plubtieng and Ungchittrakool [3], we prove a strong convergence theorem for ﬁnding
a common ﬁxed point of generalized nonexpansive mappings in Banach spaces by
using the shrinking projection method.
[1] T. Ibaraki and Y. Kimura, Convergence of nonlinear projections and shrinking
projection methods for common ﬁxed point problems, Journal of Nonlinear
Analysis and Optimization: Theory & Applications, 2 (2011), 209-222.
[2] Y. Kimura and W. Takahashi, On a hybrid method for a family of relatively
nonexpansive mappings in a Banach space, J. Math. Anal. Appl. 357 (2009),
356–363.
[3] S. Plubtieng and K. Ungchittrakool, Hybrid iterative methods for convex feasibility problems and ﬁxed point problems of relatively nonexpansive mappings in
Banach spaces, Fixed Point Theory Appl. 2008 (2008), Art. ID 583082, 19pp.
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In 1976, Ishikawa proved the following theorem.
Theorem 1 (Ishikawa, 1976, [1]) Let C be a closed convex subset of a real Banach space E, T be a nonexpansive self mapping on C such that T (C) is relatively
compact. Let
∑∞b be a real number belonging to (0, 1) and let {αn } be a sequence in
[0, b] with n=1 αn = ∞. Let {un } be a sequence deﬁned by:
u1 ∈ C,

un+1 = αn T un + (1 − αn )un

for

n ∈ N.

Then, {un } converges strongly to a ﬁxed point of T .
Before Ishikawa, Edelstein’s theorem was known. In the theorem, strictly convexity
of E is assumed. By shauder’s theorem, his proof is based on the premise that a
ﬁxed point exists. Ishikawa removed strictly convexity of E and the premise. Then,
Ishikawa’s theorem is not merely a convergence theorem, but a constructive existence theorem in a general Banach space. To prove the theorem, Ishikawa prepared
a lemma. Ishikawa’s lemma is the main part of his proof. On the other hand,
Suzuki [2] proved a useful lemma in 2002. Suzuki’s lemma resembles Ishikawa’s
lemma in a way of thinking.
In this talk, we prove a lemma describing the structure that is common to
these lemmas. Using the lemma, we can have Suzuki’s lemma and versions of
Ishikawa’s lemma. Considering the process of Ishikawa’s proof, we introduce some
new families of mappings on a convex subset of a real Banach space. Requirement
of the mappings is weaker than nonexpansiveness. For the mappings, we prove an
extension of Ishikawa’s strong convergence theorem.
[1] S. Ishikawa, Fixed points and iteration of a nonexpansive mapping in a Banach
space, Proc. Amer. Math. Soc., 59 (1976), 65–71.
[2] T. Suzuki, Strong convergence theorem to common ﬁxed points of two nonexpansive mappings in general Banach spaces, J. Nonlinear Convex Anal., 3 (2002),
381–391.
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Weak convergence of measures on a topological space not only plays a very
important role in probability theory and statistics, but is also interesting from a
topological measure theoretic view, since it gives a convergence closely related to
the topology of the space on which the measures are deﬁned. Thus, it is possible
to study weak convergence of measures on a topological space in association with
some topological properties of the space, such as the metrizability, separability and
compactness.
Nonadditive measures, which are set functions that are monotonic and vanish at the empty set, have been extensively studied. They are closely related to
nonadditive probability theory and the theory of capacities and random capacities.
Nonadditive measures have been used in expected utility theory, game theory, and
some economic topics under Knightian uncertainty.
The notion of weak convergence of nonadditive measures was formulated by
Girotto and Holzer in a fairly abstract setting [1]. Some of their fundamental results
for weak convergence, such as the portmanteau theorem and the direct and converse
Prokhorov theorems, have been extended to the nonadditive case. In particular,
the portmanteau theorem allows us to show that the weak topology, which is the
topology generated by weak convergence, coincides with the Lévy topology, which
is the topology generated by convergence of measures on a special class of sets.
In this talk, we will present successful nonadditive analogs of the theory of weak
convergence of measures with a particular focus on metrizability and we will also
supply weak convergence methods to related ﬁelds; see the author’s recent paper [2].
[1] B. Girotto, S. Holzer, Weak convergence of bounded, monotone set functions in
an abstract setting, Real Analysis Exchange 26 (2000/2001) 157-176.
[2] J. Kawabe, Metrizability of the Lévy topology on the space of nonadditive measures on metric spaces, Fuzzy Sets and Systems 204 (2012) 93-105.
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There are three types of discrete ﬁxed point theorems: (M) monotone mapping,
(C) contraction mappingws, and (B) reduced to Brouwer’s ﬁxed point theorem. In
this talk, we compare discrete ﬁxed point theorems by applying them to bimatrix
games. Further, we show that simplical decompositions of the convex hull of the
domain of the mapping are important for analyzing type (B).
We consider a bimatrix game with m × n payoﬀ matrices A = (aij ) and B =
(bij ). Players 1 and 2 maximize xT Ay and xT By, respectively, where x ∈ Pm and
y ∈ Pn are probability vectors. A pair of probability vectors (x̄, ȳ) is called a Nash
equilibrium if
xT Aȳ ≤ x̄T Aȳ, x̄T By ≤ x̄T B ȳ

∀x ∈ Pm , y ∈ Pn .

In particular, when x̄ and ȳ are unit vectors ei and ej , respectively, (x̄, ȳ) is called
a pure-strategy Nash equilibrium. The set of best responses of each player is deﬁned
as follows: F1 (j) = {i ∈ {1, . . . , m} | aij ≥ ai′ j ∀i′ } and F2 (i) = {j ∈ {1, . . . , n} |
bij ≥ bij ′ ∀j ′ }. Then a pure-strategy Nash equilibrium (ei , ej ) is characterized by
(i, j) ∈ F (i, j) := F1 (j) × F2 (i).
Let coX be the convex hull of a ﬁnite set X ⊂ Z n , and Σ a simplical decomposition of coX. We say two points x, x′ ∈ X to be cell-connected if they
belong to a same simplex in Σ, and denote the binary relation x ∼ x′ . A mapping
f = (f1 , . . . , fn ) : X → X is said to be direction preserving if
x ∼ x′ ⇒ (fi (x) − xi )(fi (x′ ) − x′i ) ≥ 0 (i = 1, . . . , n).
Iimura [1] proved that any direction preserving mapping has a ﬁxed point. Key
words of this talk are ”simlical decomposition” and ”direction preserving”.
[1] T. Iimura, A discrete ﬁxed point theorem and its applications, J. Math.
Econom., 39 (2003), 725–742.
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Let X be a real Banach spces with norm ∥·∥. Let Ω be a subset of [a, b)×X(a <
b ≤ ∞) sucn that Ω(t) = {x ; (t, x) ∈ Ω} ̸= ∅ and A a function deﬁned on Ω into
X. We consider the following initial-value problem for nonautonomous diﬀerential
equation in X:
{
u′ (t) = A(t, u(t)) τ ≤ t < b,
(IVP;τ, z)
u(τ ) = z,
where (τ, z) ∈ Ω. Our purpose is to establish an existence and uinqueness theorem
for solutions of (IVP;τ, z) under the following general conditions (Ω2), (Ω3) and (Ω4)
in addition to (Ω1) that A is continuous. Condition (Ω3) is called the subtangential
condition and (Ω4) the dissipativity condition. Our dissipativity condition (Ω4) is
so general that the usual norm-meric ∥x−y∥ is replaced by the metric-like functional
V (t, x, y) which is deﬁned for (t, x, y) ∈ [a, b)×X ×X and satisﬁes a several suitable
conditions.
(Ω1) A is continuous from Ω into X.
(Ω2) If (tn , xn ) ∈ Ω, tn ↑ t ∈ [a, b) and xn → x in X as n → ∞, then (t, x) ∈ Ω.
1
(Ω3) lim inf d(x + hA(t, x), Ω(t + h)) = 0 for all (t, x) ∈ Ω.
h↓0 h
)
1(
(Ω4) lim inf
V (t + h, x + hA(t, x), y + hA(t, y)) − V (t, x, y) ≤ ω(t)V (t, x, y) for
h↓0 h
all (t, x), (t, y) ∈ Ω.
Here, ω be a real-valued continuous function on [a, b) and d(x, D) denote the distance from x ∈ X to D ⊂ X. (Cf. Kenmochi-Takahashi(1980), Iwamiya(1982) and
Kobayashi-Tanaka(2001).)
The results are applied to the initial value problem for a wave equation with
damping term.
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Let X be a nontrivial Banach space, by which mean a real Banach space with
dim X ≥ 2, or a complex Banach space with dim X ≥ 1. The modulus of convexity
of X is deﬁned as
(
)
∥x + y∥
δ(ε) = inf 1 −
2
for ε ∈ [0, 2], where the inﬁmum can be taken over all x, y ∈ X with ∥x∥ ≤ 1,
∥y∥ ≤ 1 and ∥x − y∥ ≥ ε. The modulus of smoothness of X is deﬁned as
(
)
∥x + τ y∥ + ∥x − τ y∥
ρ(τ ) = sup
−1
2
for τ ∈ (0, ∞), where the supremum can be taken over all x, y ∈ X√with ∥x∥ ≤ 1
and ∥y∥√≤ 1. We know that if X is a Hilbert space, then δ(ε) = 1 − 1 − ε2 /4 and
ρ(τ ) = 1 + τ 2 − 1.
We recall that X is said to be uniformly convex if δ(ε) > 0 for all ε > 0. Also,
X is said to be uniformly smooth if lim ρ(τ )/τ = 0.
τ →+0

For p ∈ [2, ∞), X is called p-uniformly convex if there exists C > 0 satisfying
δ(ε) ≥ C εp
for all ε ∈ [0, 2]. On the other hand, for q ∈ (1, 2], X is called q-uniformly smooth
if there exists K > 0 satisfying
ρ(τ ) ≤ K τ q
for all τ ∈ (0, ∞). It is obvious that p-uniformly convex Banach spaces are uniformly
convex, and q-uniformly smooth Banach spaces are uniformly smooth. We also
know that for p ∈ (1, ∞), Lp spaces are max{2, p}-uniformly convex and min{2, p}uniformly smooth.
In our talk, we give some examples of 2-dimensional real Banach spaces. and
discuss p-uniform convexity and q-uniform smoothness.
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In this talk, we consider the mapping properties of convolution operators with
smooth functions and esbalish so-called div-curl lemma on weighted Hardy spaces
H p (w) with w belonging to Muckenhoupt weight class A∞ . The proof of the boundedness of convolution operators uses atomic decompositions by Garcı́a-Cuerva [3]
and Strömberg-Torchinsky [7], and molecular characterization by Taibleson-Weiss
[8] and Lee-Lin [5]. From pointwise estimates for the garand maximal functions
due to Miyachi [6] in the non-endpoint case and the approach due to Auscher-RussTchamitchian [1] in the endpoint case, our div-curl lemma is proved. Applying
these estimates, we investigate the time decay property of solutions to incompressible Navier-Stokes equations in whole space Rn with n ≥ 2


 ∂t u − ∆u + (u · ∇)u + ∇p = 0,
(N-S)
div u = 0,


u(0) = a.
In particular, we are interested in the decay property of Kato’s [4] global solutions
when the initial data a belongs to weighted Hardy spaces. For example, our decay
order of energy of the solutions ∥u(t)∥L2 can be close to the critical one (n + 2)/4
in the sense of Wiegner [9], as possible.
Our ﬁrst result related to the mapping property of convolution operators reads
as follows.
Theorem 1 Let 0 < p ≤ q < ∞ and w, σ ∈ A∞ . If there exists K > 0 such that
1/q
(
)
K σ(B)
K = sup min 1, |B|
[w, σ]Xp,q
< ∞,
w(B)1/p
B

where the supremum is taken over all balls B, then for any φ ∈ S we have
K ∥f ∥H p (w)
∥f ∗ φ∥H q (σ) ≤ c[w, σ]Xp,q

where the constant c depends on p, q, n, φ, [w]A∞ and [σ]A∞ .
after div-curl lemma on weighted Hardy spaces is established, we research the
time decay of solutions to the Navier-Stokes equation and obtain the following.

61

Theorem 2 Let 1 ≤ p < ∞, −n/p < α < n(1 − 1/p) + 1 and w(x) = |x|αp ∈
Ap(1+1/n) . Then, there exists δ > 0 such that for any a ∈ Ln ∩ H p (w) with
∥a∥Ln ≤ δ and div a = 0, we can construct a solution u ∈ L∞ (0, ∞; Ln ∩ H p (w)) ∩
C((0, ∞); Ln ∩ H p (w)) ∩ C ∞ ((0, ∞) × Rn ) of (I.E.) satisfying
sup ∥u(t)∥H p (w) ≤ c∥a∥H p (w)
t>0

lim ∥u(t) − a∥Ln = lim ∥u(t) − et∆ a∥H p (w) = 0

t↘0

t↘0

−1/2

sup t
t>0

∥∇u(t)∥H p (w) < ∞.

Moreover, for q ∈ [p, ∞) and β ∈ (−n/q, n(1 − 1/p) + 1) with β ≤ α, the solution u
satisﬁes the following decay property;
∥u(t)∥H q (σ) . t−n(1/p−1/q)/2−(α−β)/2 ∥a∥H p (w) ,

(1)

where σ(x) = |x|βq ∈ Aq(1+1/n) . In particular, in the case p < q or β < α, it holds
that
∥u(t)||H q (σ) = o(t−γ ) as t ↘ 0,
(2)
where γ = n(1/p − 1/q)/2 + (α − β)/2.
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In this paper, we study the new notions and the fundamental properties of
derivatives and partial derivatives of Lp -functions and Lploc -functions in the sense
of Lp -convergence and Lploc -convergence respectively.
Here we assume that p is a real number such that 1 ≤ p < ∞ holds.
In the calculation of such derivatives and partial derivatives, we do not need
the theory of distributions except the case p = 1.
Thereby, I give the new characterization of Sobolev spaces and give the new
meaning of Stone’s Theorem.
Especially, in the cases of L2 -functions and L2loc -functions, these results have
the essential role in the study of Schrödinger equations.
Every solution of Schrödinger equation which is the basic equation of natural
statistical physics should be an L2 -density. Further, the solutions of an eigenvalue
problem of a Schrödinger operator can be obtained as L2 -densities or L2loc -densities.
For these functions, these derivatives in the sense of distributions are the most
general one at present.
But, when we consider the derivatives of L2 -functions and L2loc -functions, it is
extreme to consider the derivatives in the sense of distributions.
It is not easy to judge that the derivatives or the partial derivatives of L2 functions in the sense of distributions are L2 -functions.
Therefore, it is hard to see the concrete meanings of the concept of derivatives
in the sense of distributions.
Against the above, if we calculate the derivatives or the partial derivatives of
L2 -functions in the sense of L2 -convergence, the results are L2 -functions at once.
Similarly, if we calculate the derivatives or the partial derivatives of L2loc -functions
in the sense of L2loc -convergence, the results are L2loc -functions at once. Therefore,
the diﬀerential calculus in the sense of L2 -convergence or L2loc -convergence is considered to be very concrete and useful.
Therefore, for the diﬀerential equations such as Schrödinger equations, the concepts of diﬀerential calculus considered here are very useful.
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